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Renormalization of the long-wavelength solution of Einstein’s equation
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Using the renormalization group method, we improve the first order solution of the long-wavelength expan-
sion of the Einstein equation. By assuming that the renormalization group transformation has the property of
a Lie group, we can regularize the secular divergence caused by the spatial gradient terms and absorb it into the
background seed metric. The solution of the renormalization group equation shows that the renormalized
metric describes the behavior of gravitational collapse in the expanding universe qualitatively well.
[S0556-282(199)10018-3
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I. INTRODUCTION select a suitable assumption on the structure of the perturba-
tion series.
The spatial gradient expansiph-4] of the Einstein equa-  The renormalization group methdd@-11] as a tool for

tion is a nonlinear approximation method which describeglobal asymptotic analysis of the solution to differential
the |ong-Wa\/e|ength inhomogeneity in the universe. This apequations unifigs the te_chniques _Iisted above, an_d can treat
proximation scheme expands Einstein’s equation by the orany systems irrespective of their features. Starting from a
der of the spatial gradient. As a background solution, wehaive perturbative expansion, the secular divergence is ab-
solve Einstein’s equation by neglecting all spatial gradienfsorbed into the constants of integration contained in the ze-
terms. The resultant solution has the same form as that fdPth order solution by the renormalization procedure. The
the spatially flat Friedman-Robertson-WalkgfRW) uni-  fenormalized constants obey the renormalization group equa-
verse, but the three-metric can have a spatial dependence.lien- This method can be viewed as a tool of system reduc-
is possible to include the effect of spatial gradient terms bytion. The renormalization group equation corresponds to the
calculating the next order. This method can describe a long@mPplitude equation which describes slow motion dynamics
wavelength nonlinear perturbation without imposing any!n the original system. We can describe complicated dynam-
symmetry for a space, and is suitable for analyzing the globdfs contained in the original equation by extracting a simpler
structure of an inhomogeneous universe. Furthermore, it i§éPresentation using the renormalization group method.
easy to include a perfect fluid with pressure and scalar fields. |n this paper, we apply the renormalization group method
But this scheme is valid only for a perturbation whoset the gradient expansion of Einstein’s equation. Our purpose
wavelength is larger than the Hubble horizon scale. For a5 to obtain the renormalized long-wavelength solution of
matter field which satisfies the energy conditions, the perturEinstein’s equation which is also valid for late time. Through
bation terms induced by the spatial gradient terms grows ithe procedure of renormalization, we extract slow motion
time and finally dominates the background solution. This ocffom Einstein’s equation. .
curs when the wavelength of the perturbation equals the This paper is organized as follows. In Sec. II, we briefly
Hubble horizon scale. After this time, the wavelength of thereview the gradient expansion. In Sec. Ill, we introduce the
perturbation becomes shorter than the horizon and the resignormalization group method by using two examples. In
of the gradient expansion becomes unreliable. Sec. IV, the renormalization group method is applled to the
A similar situation occurs in the field of nonlinear dy- Solution of the gradient expansion. In Sec. V, we solve the
namical systems. To obtain temporal evolution of the soluf€normalization group equation for several situations. Sec-
tion of a nonlinear differential equation, we usually apply ation VI is devoted to a summary and discussion. We use
perturbative expansion. But naive perturbation often yieldg/nits in whichc=#=8wG=1 throughout the paper.
secular terms due to resonance phenomena. The secular
terms prevent us from getting approximate but global solu- Il. LONG-WAVELENGTH EXPANSION
tions. There are many techniques to circumvent the problem, OF THE EINSTEIN +DUST SYSTEM
for example, the averaging method, multitime scale method,
WKB method, and so oii5,6]. Although these methods,  We use the synchronous reference frame
yield globally valid solutions, they provide no systematic ) .
procedure for general dynamical systems because we must ds’=—dt*+ vij(tx)dx'dx'. @

Einstein equation’s with a dust fluid is
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Ki— Kf’_j: Ji+ukupu;, (3)  whose wavelength is smaller than the horizon scale, we use
’ the renormalization group method.
@Ry~ ¢ e P sitoyl
R+ — E(\/}Ki)_ §(5i +2u'y), (4) ll. RENORMALIZATION GROUP METHOD
Y
The renormalization group methd@—11] improves the
1 dy; long-time behavior of a naive perturbative expansion. We
=5 o (5)  explain the basic concept of the renormalization group

method using two examples. The first one is a harmonic
whereK; is the extrinsic curvaturey is the energy density ~Oscillator. The equation of motion is
of dust, andu; is the three-velocity of dust. If we neglect .
terms with a spatial derivative, the solution can be written X+X=—eX, (13

yi(jo)=a2(t)hij(x), p@=py(t), ui(o)=0, (6) wh(_aree is a small parameter. We solye this equation pertur-
batively by expanding the solution with respecteto
where h;j(x) is an arbitrary function of spatial coordinates
(seed metrig and the scale facta(t) and the energy den- X=Xot+ ex;+---. (14
Sity po(t) obey the usual spatially flat FRW equation. Using ]
this as the zeroth order solution, we solve this system by théNe solution up t(e) becomes
following gradient expansiof¥]:

. 6 .
yi,-=az(t)hij(x)+[fz(t)Ri,-(h)+gz(t)R(h)hij]+---,( ) X=Bgcost+Cqysint+ E(t—to)(cocost—Bosmt)
7

ui=ug(t)ViR(h)+---, tS)

+0(€?), (15)

whereBy andC, are constants of integration determined by
p=po(t) +pa()R(h) +-+, (9)  the initial condition at arbitrary timé=t,. This naive per-
turbation breaks down whemr(t—ty)>1 because of the
whereR;;(h) is the Ricci tensor of the seed methig. The  secular term. To regularize the perturbation series, we intro-
zeroth order solution is duce an arbitrary timeu, splitt—ty ast—u+up—ty, and
absorb the divergent term containipg-t, into the renor-

4 malized counterpart8 andC of By andC,, respectively.
(0) — 4413, (0) = = : : 0 0
vij =t hij(X),  Uj 0, » 3t?" (10 We introduce renormalized constants as follows:
The solution to the next order is Bo=B(u)+€6B(u,tg), Co=C(u)+edC(u,to),
) ot?
vii' =~ 5 | R = zR(Mh; |, where 8B and 5C are counterterms that absorb the terms
containingu —tg in a naive solution. Substituting E¢L6) to
—4/3 Eqg. (15), we have
2 t (3)

x=B(u)cost+ C(u)sint+ e[ 6B cost + 6C sint
The solution up to the second order of the spatial gradient
can be written as follows:

1
+ E(t—,quM—to)(C(,u)cost— B(,u)sint)]. 17)

9 1
Yii :t4/3[ hij— gtm( Rij(h) =z R(h)hy; ) ] ,
6B and 5C are chosen as

_ 2 1= 2 iesren -0 12 1
P3|t gt R ) =0 12 8B(k,to) + 5 (1= 10)C(1) =0,

We can see that the perturbation term, which originated from 1

the spatial gradient of the seed metric, grows as the universe SC(1,tg) — E(M_to)B(M):O- (18)
expands and finally has the same amplitude as the back-

ground term at~H ™! when the wavelength of the pertur- ) )

bation equals the Hubble horizon scale. After this time, théJsing the relatione6B=B,—B(u),e6C=Co—C(u),
wavelength of perturbation becomes smaller than the horizon
scale and the long-wavelength expansion breaks down. To _ €

make the gradient expansion applicable to the perturbation B(to)=B(x) 2(’“ t)Cw),
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Solving the renormalization group equati@?) and equat-

€
Clto)=C(u)+ 5 (k—1o)B(w). (19 ing x andt in Eq. (23) eliminates the secular term and we
get the uniformly valid result
These equations define the transformation upf{e):
€ €
t)=B(0)cog 1+ = |t+C(0)sin| 1+ = |t. 24
Ryt (B(to),Clto)—(B(1),C(w)), x(1)=B(0) S( z) (O)sin 1+ 5]t (24
The explicit form of the transformation is The second example is Einstein’s equation for a FRW
universe with dust. The spatial component of Einstein’s
B(,U«)) B (B(to) equation is
C(w)] ~ "*rt| C(to)
¢ Gt o (@)2=— e 2@ (25
1 7 (k1) B(ty) 2 2
_ 0 2
N € (C(to)) +0(€). where a(t) is the logarithm of the scale factor of the uni-
—5(r—to) 1 versea(t) and e is the sign of the spatial curvature. The
exact solution is given by
(20)
. . a(t)=e*®
R satisfies the composition law
ag(l—cosy), t=ag(n—siny) for e=1,
€ 2 3
1 E(/—L_/-Ll) _ ao%, t:ao% for =0,
Ry O Ry —1g= € _
—§(M—M1) 1 ag(coshny—1), t=ag(sinhnp—n) for e=-—1.
(26)
€
1 E(Ml_to) We solve Eq.(25) perturbatively by assuming that the right
X hand side is small. This is an expansion with respect to the
_ E(M —t,) 1 small spatial curvature around the flat universe. By substitut-
270 ing a= ag+eaq,+--- into Eq.(25), we have the naive solu-
+0(e) tion
€ 9 2
1 E(M_to) a=In T+Co—e%e o(7—75) +O(€), (27)
= +0(€?)
€ where we introduced a new time variahle t¥2 and Coisa
(n—1to) 1 . : ; . >
2 constant of integration determined by the initial condition at
R 21 7=15. TheO(e€) term is secular and we regularize this term
T ety (1) by introducing arbitrary timeu and renormalized constant

Ro=1, andR _ , is the inverse transformation &, . So we

Co=C(u) +€C(u,70):

can conclude that the transformation forms a Lie group up to
O(e). Assuming the properties of the Lie group, we can
extend the locally valid expressiofl19) to a global one,
which is valid for arbitrarily largeu—t,. We apply this
transformation to getB(u),C(w)) at arbitrarily largeu. By
differentiating Eq.(19) with respect tox and settingt,

= u, we have the renormalization group equations:

a=In7+C(u)+€edC(w,7p)
—Ege_zc(ﬂ)(T—M'f'/L—T ) (28
20 o

The countertermC is determined so as to absorb tpe
— 79 dependent term:

JB . € € 9
a—EC(M), %__EB(M)' (22 5C(M'TO)_Z_Oe—zc(ﬂ)(lu_TO):O. 29)
The renormalized solution becomes This defines the renormalization group transformation
X(t)=B(u)cost+ C(u)sint Ru-r: C(70)—C(n),
€ ) 9 B
+E(t—,u)[C(,u)cost—B(,u)smt]. (23 C(M)ZC(TO)—eEe 20— 1), (30)
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s FIG. 1. The evolution of the scale factor for a

closed FRW universe with dust. The solid curve
is the exact solution, the thin dashed curve is the
naive solution, and the thick dashed curve is the
renormalized solution.
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and this transformation forms the Lie group upQ@de). So IV. RENORMALIZATION OF
we can haveC(u) for arbitrarily large values of.— 79 by THE LONG-WAVELENGTH SOLUTION

assuming the property of the Lie group, and this makes it

. . ; Now we proceed to the long-wavelength solution of Ein-
possible to produce a globally uniform approximated solu-_, . ; : : .
. i ; S stein’s equation. We renormalize the secular behavior of the
tion of the original equation. The renormalization group

equation is three-metric y;; . By introducing a new time variable
q =t?" the long-wavelength solution can be written as

dC(w) 9 ¢ 97
M e 2C(w) = . -
7 6206 , (3D YijT—T hIJ(X) 5

1
Rij(h)—ZR(h)h”—)]. (34)

We renormalize the secular term 4/8) (R;; —%Rhij). We
introduce the initial timery by re-defining the seed metric
hjj, and define the renormalized metric and the counterterm
hij (x) = hij (x, 1) + hij (X, 1, 7o) :

and the solution is

1 9¢
C(M)=§|n<0— E,U«) (32

9 1
hij () — g(T_ 70)(Rij_ ZR(h)hij)
wherec is a constant of integration. The renormalized scale
factor is given by 9
=h;j(X, 1) + Shjj — g(T_MJFM_ o)

O¢ 1/2
a(t)=e*V= 7%= tm’( c— —tm) : (33

10 %

1
Rij—ZR(h)hij). (39

As the zeroth order solution, it is possible to include an-The counterterm is determined so that it absorbs terms con-
other integration constamg which defines the origin of cos- taining u— 7,

mic time t. By requiring that the renormalization group

transformation form the Lie group, it can be shown that 9 1

does not get renormalized. So it is sufficient to consider a Shij (p,7) = §(/‘_TO)( Rij(h) - ZR(h)hii):O- (36)
solution with the boundary conditiom(t=0)=0 which

fixes the value ofty equal to zero. This point is different Using the definition ofsh;
from the example of a harmonic oscillator, in which case two
integration constant8 andC both get renormalized.

We compare the renormalized soluti@8) with the exact
solution (26) and the naive solutio(27) for the case of a 1
closed universed=1). We choosey=2/9 andc=1. The o -
scale factor of the exact solution has a maximumt at 4R(h(’“))h”(“))' (37)
=2/9 and goes to zero &&= 47/9. The naive solution does _ _ _ o
not show this behavior. The renormalized solution improves! Nis equation defines the renormalization group transforma-
the naive solution and reproduces the expanding and coilon R, hij(7o)—hij(x) and this transformation is
tracting feature of the exact solutigrig. 1). the Lie group up td(€). We therefore can get the value of

j

9
hij (X, 1) = hij (X, 70) = g(ﬂ_ To)( Rij(h(w))
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hij (w) for arbitrary u using the relatiort37) by assuming the  This is the same as the soluti¢83).
property of the Lie group. The renormalization group equa-
tion is obtained by differentiating Eq37) with respect tou

- B. Spherically symmetric case
and settingrg= w: P e

In spherical coordinates (0, ), the metric is

d 9 1
@hij(xyﬂ) =~ 5| Rih(w)— ZR(h(M))hij(M)}- hij=diagA%(7,r),B%(7,r),B*(7,r)sin* ¢). (43

38
( The renormalization group equatié®88) becomes

and the renormalized solution is

A 9 A2 A,B, (B,)? B
L =tYh (x,1), 39 oz Tr2r 2w 2
7= 60 (39 Ao 5(232 AB 287 @ B
4 3t74/3
P=3e T o ROXD). (rr component, (44)
(40)
252 9( 1+(B")Z) (66 nt
—==| -5 compone
V. SOLUTION OF gt 5\ 2 2A°
THE RENORMALIZATION GROUP EQUATION (45)

We solve the renormalization group equati®B) for  As the special case, E¢43) contains a FRW-type metric. So
some special cases and see how the renormalization grou can expect that the solution of the renormalization equa-
method improves the behavior of the long-wavelength solution is given by the generalization of the soluti¢4l). The

tion. solution is given by
A. FRW case
. 9a(r) |2
The metric is B=|1-—5"7 BN, (46)
) 1
hij (x,t) = Q4(t) o (x), Rij(0)=§Uin(U), B
= —,r21 (47)
where g;(X) is the metric of three-dimensional maximally V1=a(r)B(r)
symmetric space. In this case, the renormalization group
equation reduces to wherea(r) andB(r) are arbitrary functions af. The renor-
P 9 malized metric and density are
— 0% )= — — =
(979 (7) 10k (k==1,0),
2 (t2/3Bvr)2 2 2/3p\ 2 2
and the solution is ds’=—dt*+ mdf +(t°B)°dQ3, (48)
9k
Q) =Je— 5t*
0 3B(1 9a)+ B(l 27a)
o - AT o A~ T
wherec is a constant of integration. The renormalized solu- ~_ 4 3 ! 10 ! 20
tion is P= 32" 5% L 9« \[[ 9 9 '
9k 10" 107)Br ™ 20 PT
27 ki3 By choosingB=r,a=0,=1, we can recover the solution of
p=az| It ——ar— | (41)  the FRW case(41). This solution corresponds to the
3t 20 9k : :
c— 1—0'{2/3 Toleman-Bondi solutioh12]
. A . R r(tvr)z
and the scale factor of the universe is given by ds?= —dt?+ mdr2+ R(t,r)ZdQZ, (50)

[ 9k
_+2/3 _ 2/3
a()=t ¢ 10t ’ (42) where
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[ M(r) M) , o E(11=0
—ZE(r)(l—COSn), t_w(ﬂ_smﬁ) or E(r)<0,
M 1/3
R(t,r)={ (QTU)> 23 for E(r)=0, (51)
M) _ MO for E(r)>0
\ f(r)(COShﬂ—l), t—w(smhn— n) for E(r)>0,

and where ¢c,g are arbitrary functions ofz. The renormalized
metric is
2M ((r 99(2)
p(t,r)= Rz';j 3 (52 dsz=—dt2+t4’3[dx2+dy2+ 9(2) (xP+y?) + —— 2
.
2

E(r),M(r) are arbitrary functions of the radial coordinate +c(2)| dZ|. (57)
and are connected to the initial distribution of the spatial

curvature and the initial distribution of the mass density OfThis is the Szekeres’ exact solutigh3], which represents
dust, respectively. They have the following correspondence ; ; o Co P
one-dimensional gravitational collapse. It is known that the

with the functions «,8 contained in the renormalization ; .~ - ) . . .
roup solution(48): naive gradient expansion _reprodL_Jces this solu'qon by in-
9 cluding the fourth order spatial gradigi®]. We obtained the
solution using the second order spatial gradient with renor-

) 9 3 malization. In this case, the renormalization procedure much
2E(r) = —a(r)p(r), ZM()=pBr). (53  improves the naive solution.

The renormalized solution reproduces well the features of the
metric of the spherically symmetric gravitational collapse of VI. SUMMARY AND DISCUSSION

dust. We have investigated renormalization of the long-

wavelength solution of Einstein’s equation which has secular

C. Szekeres solution behavior. We applied the renormalization group method to
be duced the renormalization poipi~L/H ™! wherelL is the

physical wavelength of perturbation. Fer<1(L>H™1),
the naive expansiofgradient expansigrapproximates well
the exact solution. But as the universe expands,H /L
«t® becomes large, and at~1(L~H 1), perturbative ex-
pansion breaks down. After this time, the wavelength of the
perturbation is smaller than the horizon scale. Using a renor-
malization transformation which has the property of the Lie
A xy group, we can renormalize the secular terms caused by the
0=- A (xy component, spatial gradient of the background seed metric. The renor-
malized metric can be extended to a large valugofvhich
corresponds to the small scale fluctuation.
A yy— A We obtained the solution of the renormalization group
0= oA (xx componen, equation for FRW, spherically symmetric, and Szekeres
cases. The behavior of the renormalized solution indicates
that they describe the collapsing phase of the system quali-
A2 1 tatively well. The renormalization group method is regarded
—7 = "5 A(AxTAyy)  (2z component as the procedure of system reduction. This means that the
(55  renormalization group equatic@8) is a reduced version of
the original Einstein’s equation and describes the slow mo-
The solution of this equation is tion dynamics of the original equation. We expect the renor-
malization group equatiori38) has physically interesting
properties and solutions which are contained in Einstein’s
equation.
We can look at the renormalization of the long-

h;;=diag(1,1A%(7,X,y,2)). (54

The renormalization group equatid®8) reduces to the fol-
lowing three equations:

9
A=g(2)(x*+y*)+ £9(2)7+¢(2), (56)

104011-6



RENORMALIZATION OF THE LONG-WAVELENGTH . ..

wavelength solution from the viewpoint of the back reactionexpansion in general, it is possible to define the renormaliza-
problem in cosmology. The naive solution represents theaion group transformation and obtain the renormalized solu-

PHYSICAL REVIEW D60 104011

evolution of the perturbation with a fixed background metric.tion formally. It is interesting to apply the renormalization

By renormalizing the naive solution, the constahiy(x)

group method to the inflationary model and investigate the
contained in the background solution come to have a timeffect of the stochastic quantum noise on the background
dependence due to the spatial inhomogeneity. So we cageometry. We can construct the inhomogeneous model of

investigate how the spatial inhomogeneity affects the “backstochastic inflatiofi15—18§ and this is our next subject to be
ground” metric h;; by solving the renormalization group explored.
equation. The remarkable feature of the renormalization

group approach is that it does not need any spatial averaging
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